Christian Licht, Gérard Michaille, Pongpol Juntharee. An asymptotic model for a thin, soft and imperfectly bonded elastic joint. Mathematical Methods in the Applied Sciences, Wiley, 2016, 39 (5) An asymptotic model for a thin, soft, linearly elastic joint imperfectly bonded to two linearly elastic bodies is derived by studying the variational convergence of the total mechanical energy when the thickness and the stiffness of the joint go to zero. The joint is replaced by a mechanical constraint between the adherents which correspond to the connection in series of the classical limit constraint induced by the soft joint and constraints between the joint and the adherents.
Introduction
Many studies have been devoted to asymptotic modeling of soft thin joints by considering the stiffness and thickness of the joints as small parameters. In the static case, the mathematically rigorous variational approach consists of determining the asymptotic behavior of minimizers of the total mechanical energy of the structure made of the adherents and elastic joint when the thickness and stiffness go to zero. This can be performed in the classical framework of displacement fields (see [1, 2] and the references therein, [3, 4] ) or in an extended framework of measure fields [5] , which may supply additional information at a lower scale. Anyway, the starting point is to assume that the joint and adherents are perfectly stuck together so that the asymptotic model consists of replacing the physical joint by an abstract mechanical constraint between the two adherents. This constraint keeps the memory of the joint, which disappears at the limit: its surface energy density W strongly depends on the relative behavior of the parameters but can be written in a unified way with a mathematical structure similar to that of the bulk energy density of the genuine joint.
Here, under the small strains assumption, we assume that the joint and adherents are not perfectly stuck together so that the reversible mechanical constraint between them is not pure adhesion but is given by some smooth or nonsmooth convex surface energy densities h 1 and h 2 . We will show that the asymptotic model consists of replacing the joint by a constraint, which is now the inf-convolution (or epigraphical sum) of the densities h i and the limit density W. This corresponds to the connection in series of the limit constraint induced by the joint and the constraints between the joint and adherents.
For the sake of clarity, in Section 2, we introduce a simplified situation where the joint connects an elastic body to a rigid support: the joint is clamped on the rigid body while there is a mechanical constraint between it and the elastic body. This situation was considered in [6] in the particular case of a linearly elastic adhesive and adherent and of bilateral contact with Tresca-like sliding between them. Their asymptotic analysis uses rescaling of the coordinates through the joint and a mixed formulation (with two fields: displacements and stress) in terms of variational inequality, so that the various limit mechanical constraints are only specified via graphs (relationships between the stress vector and the displacement). On the contrary, as it is obvious from the mechanical standpoint to guess the structure of the energy density of the limit constraint (inf-convolution is the mathematical translation of connection in series), we prefer to deal directly with the total energy functional and study its variational convergence; this is easily performed by adapting the arguments of [1] to this framework, which is indeed simpler because it is convex. Then, in Section 3, we propose our limit model which takes into account the asymptotic behavior of the displacement inside the adherent and inside the adhesive. The proofs of our statements are given in Section 4. Section 5 is devoted to a variant that is important in Tribology (the "third body" concept), where the thin adhesive layer 
where DW . Note that considering W S , D instead of the classical 2 .tr.e// 2 C jej 2 is a slight generalization of the isotropic linearly elastic case. As the mathematical treatment is similar, this generalization seems to us useful because it may concern materials with different behaviors both in tension and compression and also for hydrostatic and deviatoric straining. This is precisely the case of adhesive bonded joints where the adhesive is filled with fibers or nanoparticles [10] and of the third body in tribology [11] . Actually, there should be minor changes by replacing the growth condition of order 2 by a growth condition of order p in .1, 1/. The adhesive is clamped along S " :D "e 3 C S and not subjected to forces. Here, we will consider the case when the mechanical constraint between the adhesive and adherents is not necessarily pure adhesion but is described by a surface energy density h satisfying 1 D I C , C a closed convex subset of R 2 containing 0. The constraint implies bilateral contact when E D f0g, unilateral contact without penetration and with limited play when E D OE0, ı, ı > 0, and unilateral contact without penetration when E D OE0, 1/. Moreover, the case D 0 indicates that the tangential component of the stress vector always vanishes. When ¤ 0, the sole realistic situation is E D f0g, then the constraint corresponds to bilateral contact with a confined and resistance-free sliding when p D 1 or sliding with Tresca-type resistance when p D 1 or Norton-Hoff type resistance when 1 < p < 1. The particular case p D 1 and E D f0g were treated in [6] .
In the following, for all domain G, H 1 .G; R 3 / will denote the subspace of the Sobolev space H 1 .G; R 3 / whose elements vanish on a smooth enough part of the boundary @G of G.
it is well known that the equilibrium configuration is given by the unique solution N u s of the following problem involving the triplet of data s :D .", S , D /:
'.x/ v.x/ ds, the work of the exterior loading;
OEv :D 0 .v C / 0 .v / the jump of displacement across S .or the relative displacement along S/;
C1otherwise.
We use the same symbol 0 .w/ to denote the trace on S of any element w of both H 1 .B " ; R 3 / and H 1 . ; R 3 /. To shorten the notations, in the sequel, we will drop the superscript C and for any element v of V s when no confusion is possible.
Actually, determining numerical approximations of N u s may be tricky because of the high number of degrees of freedom implied by meshing of the very thin adhesive layer and the ill-conditioned system because of the low stiffness of the glue. Thus, it is of interest to propose a simpler but accurate enough model for the structure. For that purpose, we will consider s as a triplet of small parameters taking values in a countable set of .0, C1/ 3 and derive our modeling through a rigorous mathematical study of the asymptotic behavior of N u s when s goes to its natural limit by taking due account of the low adhesive thickness and stiffness values. Actually, the following analysis works also when " S and " D go to zero, that is, also when the stiffness is not too high. Henceforth, we will make the following assumption:
As usual, c or C will denote constants independent of s, which may vary from line to line.
An asymptotic model
The theory initiated in [2] and completed in [1] states that the thin layer is, when s tends to N s, asymptotically equivalent to a mechanical constraint along S whose surface energy density reads as
where
Of course when N S and N D are not finite, N S W 
Thus, we expect to be faced with the connection in series of the initial mechanical constraint with surface energy density h and the limit one described by W N S , N D . Because the graph of the connection in series of two constraints is obtained by considering the inverse of the addition of the inverse of the graph of each constraint, our asymptotic model should involve the inf-convolution or epigraphical
To deal easily with some singular cases, we introduce the additional assumption on h: 
with O z being a Lipschitz continuous function vanishing at 0, the previous constant C and the Lipschitz continuity constant of O z being independent of t 3 .
and there exists a unique
.z 3 .t 3 //, with z 3 being a Lipschitz function
The proof of this capital proposition (see our proof of Proposition 3.3) is given in Section 4. Hence, we are in a position to define a functional in
Indeed, to deal with the singular case N S D N D D 0, hereafter, we make the additional assumption
which is essential, in these singular cases, to establish following Proposition 3.2 that mainly describes the asymptotic behavior of .v s / for a sequence such that F s .v s / Ä C. So our asymptotic model will be supplied by the following convergence result:
Actually, this result of variational convergence is a classical consequence of the following three propositions whose proofs can also be found in Section 4:
(ii) (a) 
Thus, Theorem 3.1 describes the asymptotic behavior of the displacement field inside the adherent. Our limit model, problem( N P), concerns the equilibrium of the elastic adherent subjected to body forces f and surface forces ' on 1 , clamped along 0 and subjected to a mechanical constraint along S of energy density g, which is the inf-convolution of the genuine energy h with the limit surface energy W N S , N D stemming from the bulk energy of the thin adhesive layer.
When the adhesive is isotropic and linearly elastic, that is,
, D D , with and being the classical Lamé coefficients and
to establish that
From the mechanical standpoint, it is also interesting to determine the graph of the previous constraints, that is, the relationship between the stress vector n and the displacement u. We denote the stress tensor and the unit normal outward along S by and n, where of course n D e 3 , so that the displacement and stress vector have tangential and normal components given by
Hence, the various constraints may also read as
the constraint corresponds to a bilateral contact with sliding through Norton-Hoff-like resistance (1 < p < 1) or Tresca-like (p D 1) resistance or a confined sliding (p D 1); the joint has no effect. 
the body is tangentially free and subjected to a normal linear elastic pull-back; (b) lim " D 1:
, that is, a free bilateral contact occurs.
Recall that the laws of case (ii) are used for numerical or theoretical regularization goals [13, 14] . These results were obtained in [6] for p D 1, but the structure of the density of the limit constraint as an epigraphical sum was not observed. This last point seems important for the mechanical interpretation of the mathematical analysis and its conclusions.
Another realistic example is when h^D 0, h 3 D I OE0,T , T very large which will supply a so-called normal compliance law, which permits a slight penetration in the half-space fx 3 Ä 0g but with a stiff normal pull-back; it corresponds to the penalization methods in numerical contact mechanics [14] . suggests very large strains) because it does not take into account interpenetration condition. A first classical remedy is to remain in the framework of small strains, but to include in the formulation of (P s ) a global interpenetration condition like
With this additional assumption, the case h.t/ D h^. O t/CI ft3 0g .t 3 / may be treated because a sequence with bounded F s .v s / will satisfy
so that the boundedness of R ˇe
.S/ and consequently that of 0 ..v s / / 3 . Then the limit constraint with energy density g will be the inf-convolution of h and W N S , N D augmented by I ft3 0g .
It is interesting to improve the modeling by studying the asymptotic behavior of the adhesive layer, which was only suggested in [6] . First, we have
Moreover, if h is strictly convex and satisfies
Furthermore, it is shown in the proof of Proposition 3.3 that there exists Z in
.B " ; R 3 / be defined by
Proposition 3.5 identifies the limit of 0 ..N u s / / as the field which achieves the minimum defining the epigraphical sum g, while Theorem 3.2 tells us that .N u s / is asymptotically equivalent to a field affine in x 3 with a profile on S precisely given by this limit N .
Hence, from a practical viewpoint, to easily obtain a good approximation of N u s , we suggest first to solve ( N P) (which is standard from a numerical viewpoint) where N S and N D are replaced by the true real values 
Proofs of the various results

Proof of Proposition 3.1
The first claim and (i) are obvious [12] . The growth condition in (ii)(a) is obtained by choosing . (8) of g and taking due account of (3). The existence and uniqueness of z.t/ for all t in R 3 stems from the fact that h.t / C W N S , N D is a strictly convex coercive function on R 3 , thus
so that (4) yields that there exist positive real numbers N and Ň such that
The point (ii)(b) is obtained through the same reasoning but with taking due account of N S W 
Proof of Proposition 3.2
Point (i) is an obvious consequence of the coercivity of W and of the Korn inequality. Moreover, if M 3 denotes the set of all 3 3 matrices, a Korn inequality like
with C K independent of " holds for all " < " 0 , because it suffices to use the Korn inequality in H
.B "0 / for the extension of v by 0 into B "0 nB " . Hence, the standard inequality Z B"
while the last part of (ii)(a) stems from the other standard one Z
which gives
Hence, there exists a nonrelabeled subsequence which converges in L 2 .S; R 3 / weakly when N S , N D 2 .0, 1/ and strongly to 0 when
, the stated convergence result is true by taking due account of the additional coercivity property (H 3 ) of h and the previously established point (i).
To complete the proof, it suffices to use the Cauchy-Schwarz inequality and to go to the limit in the identities Z
Proof of Proposition 3.3
It suffices to consider the case when F.u/ < 1. Let us consider the case 
Clearly, R " belongs to H 1 S " .B " / and 
and consequently,ˇW
Hence, the Cauchy-Schwarz inequality giveš Z
jrZ.x/j 2 dx 
Proof of Proposition 3.4
The first assertion is a classical consequence of the convexity of W. As (iii) is an obvious consequence of (i) and (ii), it remains to prove (ii).
If 
If N S D 0, by expressing h in terms of its Legendre-Fenchel transform h , so that Z 
Thus, (25), (26), and (27) and Proposition 3.1 imply (ii).
Proof of Theorem 3.1
Classically [12] , pooling the previous propositions implies all the claims of Theorem 3.1 except the strong convergence in H 1 0 . , R 3 / which (see for instance [17] where such a more or less well-known argument is used) stems from the Korn inequality and the additional fact 
Proof of Proposition 3.5
It has been established in the proof of Proposition 3.4 that
the first result stems from the very definition of g and Proposition 3.1. Finally, in the proof of Proposition 3.4, it has also been shown that 
Proof of Theorem 3.2
Let us consider the scaling S " v of any field v, defined in B " , such that Arguing as in the second part of the proof of Proposition 3.5 yields 
because of (24) and (20) 
A variant
A trend in Tribology is to consider that a very thin "third body" is involved during the contact of two deformable bodies [11] . This third body is made from very small parts of matter pulled out from the bodies in the course of the first contacts. Of course, such a third body has a far lower mechanical strength than those of the genuine ones, so the modeling of [1] involving a very soft layer may also be suitable to describe this situation, and complements have been given in [18] [19] [20] where dissipative behaviors were treated.
Actually, this trend is improved by considering that in the third body, there are small layers in the vicinity of the bodies in contact with even more downgraded properties. To account for this, we consider the following simplified situation where we assume that a third body lays between an elastic body and a rigid support.
We shall use the notations and assumptions introduced in the previous sections except if explicitly noted. Now, B " is the reference configuration of the third body perfectly bonded along S " on a rigid support and perfectly stuck to the elastic body occupying as reference configuration. We assume that the third body is made of two perfectly bonded elastic parts. The reference configuration of the previously mentioned very small layer inside the third body is B ı , 0 < ı << ", while its bulk energy density is .2ı/ p 1 k, where k is a strictly convex function satisfying
1,p strictly convex and p-positively homogeneous such that
according to [1] ; the factor .2ı/ p 1 is chosen so that a limit surface energy k 1,p . ˝S e 3 / is supplied. The reference configuration of the remaining part of the third body is B " nB ı , and its bulk energy is the density W S , D introduced in Section 2. Hence, finding the equilibrium position of the structure made of the elastic adherent and the third body, still submitted to the forces .f , '/ and clamped along [ S " , involves a new parameter ı. Let D .s, ı/ D .", S , D , ı/. We now assume
Given the reflexive Banach space W ,p defined by
and the strictly convex, continuous and coercive function F 0 on W ,p such that
then the problem of finding an equilibrium configuration
has a unique solution N u 0 . We aim to study the asymptotic behavior of N u 0 when tends to N in order to provide an asymptotic model simpler than P 0 , where numerical difficulties clearly may occur due to a kind of two-scale meshing. Because, asymptotically, the energy inside the layer B ı is equivalent to a surface energy R S k 1,p .OEv˝S e 3 /dO x when ı goes to zero and ı is far lower than ", we guess that we are in a situation close to that studied in Sections 3 and 4, where h will be replaced by h
That is why, in order to simplify the mathematical analysis, we have considered here that there is only one very thin layer inside the third body. A more realistic situation should involve a second layer occupying B " nB " ı 0 , 0 < ı 0 << ", and an analysis similar to the following, but somewhat more technical, may be performed in the spirit of the next section. Hence, we make on h 0 the previous assumptions (H 2 )-(H 3 ) made on h so that g 0 :D W N S , N D # h 0 will have the same properties (Proposition 3.1) as g; moreover, to simplify the presentation, we also assume . N S , N D / 2 .0, C1/ 2 , and the asymptotic model is provided by
As in Section 2, this result of variational convergence is a consequence of the following three propositions:
there exists a subsequence not relabelled such that
First, the proofs of Propositions 5.1 and 5.3 follow the lines of those of Propositions 3.2 and 3.4 with .B " , S " , S/ replaced firstly by .B " nB ı , S " , S ı / and secondly by .B ı , S ı , S/ while taking due account of the classical inequality Z
and of Z 
Then if .u / D R 0 ",ı .u, 0 /, the arguments used in the proof of Proposition 3.4 work to obtain
, the same arguments, but using the convexity and, now, the growth condition of order p for k (see for instance [1] ), give
The proof is completed by taking .u / C D u. As in Section 3, it is possible to determine the asymptotic behavior of N u 0 in the third body 
Two adherents imperfectly bonded to a thin joint
Setting out the problem
The problem of the imperfect bonding of two linearly elastic adherents to a thin soft linearly elastic isotropic joint can be stated as follows. Let be a domain of R 3 with a Lipschitz boundary, with its intersection with fx 3 D 0g being a domain S of R 2 with a positive two-dimensional Hausdorff measure. Let " 0 be a positive number and ˙: D \ f˙x 3 > 0g; for all " < " 0 , let
" is the reference configuration of each linearly elastic adherent, while B " is that of the adhesive joint. The bulk energy densities of the adherents and of the adhesive are W and W S , D , respectively, as in Section 2, and they satisfy (1)-(4). The mechanical contact constraints along S" are assumed to be described by two surface energy densities h˙satisfying the assumptions of Section 2. If 0 and 1 are two complementary parts of @ ˙n S, with H 2 .
C 0 / > 0, we assume that the structure S made of the two adherents and of adhesive layer is clamped along 0 " :D 0˙"e 3 , subjected to body forces in " only of density f " and to surface forces on 1 " :D 1˙"e 3 of density ' " where
Thus, finding equilibrium configurations for S leads to the problem
where e denotes the symmetrical part of the gradient in the sense of distributions of the open sets " and B " , respectively, and
is the jump of displacement across S" (the relative displacement along S" /) where the same symbol " stands for the trace operator on S" on both H
1 . " ; R 3 / and H 1 .B " ; R 3 /. With the additional assumption
with R denoting the space of rigid displacements, we have The proof is given in Section 6.3. In the following section, we intend to describe the asymptotic behavior of N u s when s goes to N s.
Asymptotic behavior of N u s
Here, the density associated with the limit mechanical constraint will be defined by
Note that in this section, N s :D lim S =2", N D :D lim D =2". Actually, we will simply indicate what could be the asymptotic modeling in the case of two linearly elastic adherents not perfectly bonded to a thin soft linearly elastic isotropic joint by avoiding lengthly (but not too difficult) discussions that occur when the magnitude of the Lamé coefficients differs from that of the thickness. Moreover, to simplify the discussion of the properties of g and the proof of Proposition 6.4, we make an additional realistic and convenient assumption on the structure of the densities h˙, and we strengthen assumption .H 4 / so that from now on the following is assumed:
and h3 is the indicator function of a closed bounded interval I˙of R containing 0,
Hence, g is a well-defined function which obviously satisfies
Proposition 6.2
Function g is a nonnegative strictly convex function in R 3 such that
To be in a position to state the convergence result, we introduce a kind of translation operator T " , linear continuous from H
then we have
with the same symbol 0 standing for the trace operator from
As in Section 3, this convergence result stems from the following three propositions: Theorem 6.1 describes the asymptotic behavior of the displacement field inside the adherents. Problem . N P/ concerns the equilibrium of the elastic adherents occupying ˙s ubjected to body forces f and surface forces ' on 1 , clamped along 0 and linked by a mechanical constraint along S of energy density g, which corresponds to the connection in series of the constraints of densities h˙and that stemming from the limit behavior of the adhesive joint.
To be in a position to propose a simplified but accurate enough model for the structure S , we also study the asymptotic behavior of the adhesive. The following result can be established similarly to Proposition 3.5 and Theorem 3.2. by arguing as in [19] .
